We continue our study of the statistical properties of particles in equilibrium obeying Smoluchowski dynamics. We show that the system is governed by a kinetic equation of the memory function form and that the memory function is given by one of the self-energies available via perturbation theory as introduced in previous work. We determine the memory function explicitly to second-order in an expansion in a pseudo-potential. The method we use allows for a straightforward computation of corrections via a formal expansion and we therefore view it as an improvement over the conventional mode-coupling theory (MCT) formalism where it is not clear how to make systematic corrections. In addition, the formalism we have introduced is flexible enough to allow for a wide array of different approximation schemes, including density expansions. The convergence criteria for our formal series are not worked out here, but the second order equation that we derive is promising in the sense that it leads to analytic and numerical results consistent with expectations from computer simulations of the hard sphere system in addition to replicating the desired features from conventional MCT (e.g., a two-step decay). These particular solutions will be discussed in forthcoming work.
I. INTRODUCTION
A powerful approach for studying the dynamics of systems of classical particles was pre- In SDENE, the fluctuation kinetics are described in terms of a self-energy structure.
These self-energies can be conveniently obtained in a perturbation theory expansion in a pseudo-potential. Furthermore, the self-energies are divided into single-particle and collective contributions. In SDENE, we focused on the collective contribution which governs the long-time slow kinetics in the problem, and showed that one can find a simple self-consistent relationship between the static structure factor and the zero-frequency component of the collective part of the self-energies.
In this paper, we fully analyze the single-particle contributions to the self-energies. We show the following:
1. The single-particle contribution to the self-energy can be associated with the equation of state governing the system.
2. While the collective degrees of freedom dominate the long-time dynamics in this system, the single-particle degrees of freedom govern the early-time kinetics and the approach to the slow-regime.
3. We derive here the kinetic equation of the memory-function type valid at second-order in perturbation theory and including both single-particle and collective contributions.
It is our intention to solve this kinetic equation numerically in future work 6 , and to
show that the analysis of the collective contribution in SDENE can be extended analytically to obtain a two-step kinetic process similar to that obtained from mode coupling theory (MCT) 7 .
MCT represents the current de facto theoretic description of dense fluids and the transition from fluid to glassy state [8] [9] [10] . However, MCT is limited by its ad hoc construction and lacks a mechanism to institute systematic corrections. We derive here, on the other hand, a form of the kinetic equation of the memory-function type used in MCT, and our theory provides the crucial advantage of well-defined, perturbative corrections. Thus, one can use our methods to study vertex corrections, three-and higher-mode corrections to the standard MCT two-mode form, and high-frequency effects.
We begin with a brief review of the previous work to establish context and notation.
We next develop the equation of state described above and then complete the second-order vertex function. In the final section, we derive the kinetic equation and discuss the memory function at its heart.
II. REVIEW OF PREVIOUS WORK
The key components of the field theory approach are the two-point matrix cumulant functions, G ij (q, ω), and the two-point irreducible vertex functions, Γ ij (q, ω), with i and j running over the fields ρ and B where ρ is the particle density and B is a response field.
The kinetic equation of interest results from an analysis of Dyson's equation which takes the form
In SDENE it was shown that the two-point irreducible vertex can be separated into two contributions,
where γ ij is the single-particle contribution and K ij is the collective contribution. The second-order contribution, K
ij , was derived and partially analyzed. It was shown that K (2) ij itself satisfies a fluctuation-dissipation relation while remaining a quadratic functional of the two-point matrix correlation function, G ij . The single-particle contribution to the two-point vertex, γ ij , is defined as the inverse of the quantity
such that
where the fields Φ = (ρ, B) are one-particle additive,
is a conjugate external coupling field, and the term ∆W contains the pseudopotential interaction.
The form of the interaction ∆W is defined carefully in FTSPD, but to second order in the pseudo-potential is given by
where
and
and where the interaction matrix σ ij is defined by
where V (q) is the Fourier transform of the potential. (We have not found it confusing to use the same symbol for both the coordinate-and wavenumber-space representations.)
The trace, Tr, is defined carefully in FTSPD and SDENE, however we do not need the details in defining Eq.(3) since all the noninteracting cumulants among the fields ρ and B are available for the non-interacting case in FTSPD. This suffices to determine G ij...k . We gave the solution for the noninteracting γ (0) ij in both FTSPD and SDENE and provide a summary of the results in Appendix A.
In general, the procedure is to determine γ ij and K ij , then solve Eq.(1) to obtain the two-point correlation functions G ρρ , G ρB , and G Bρ . In the special -but very importantcase where the system is in thermal equilibrium, one finds that there is a simple fluctuationdissipation relation (FDR) between the two-point quantities,
In SDENE, we showed that one has in this case a simple kinetic equation satisfied by the density-density correlation function
where Σ BB (q, t) is the kinetic contribution to Γ BB occurring in Eq.(1), S(q) is the static structure factor,ρ is the average density, andD = k B T D is the product of the temperature and diffusion coefficient. In the same work, we determined the collective contribution to Γ ij to second-order in an expansion in a pseudo-potential and established that Γ
Bρ and Γ (2) BB themselves satisfy a FDR and are quadratic functionals of the exact density-density correlation function G ρρ (q, t). Here we want to determine the "single-particle" contribution to Γ BB .
III. EQUATION OF STATE
In our approach here, we generate approximations for both the static and dynamic properties. In SDENE, we showed how approximations for the static structure factor entered the analysis and we used the collective part of the self-energy, K ij , to make contact with the equilibrium statics via the static structure factor. Here, we want to show how the equation of state enters the development.
A. Equation of state
In FTSPD, we established the fundamental identity for the one point quantity (13) where i labels space, time, and fields ρ or B. This is the equation of state. For zero external field, H = 0, and keeping terms to second-order in the pseudo-potential as given by Eq.(6), we find the one-point quantity
Using wavenumber and frequency labels such that 1 = (k 1 , ω 1 ), we have the zeroth-order contribution (valid for uniform systems)
where we introduce the notation δ(1) = (2π) d δ(q 1 )2πδ(ω 1 ) and where ρ 0 is the density in the absence of interactions in the grand canonical ensemble.
Next, we have the first-order contribution
where we now move to a convention where summation over repeated indices and integration over repeated, barred variables are implied. At all orders, the two point cumulant has the form
(with δ(1 + 2) = (2π) d δ(q 1 + q 2 )2πδ(ω 1 + ω 2 )) due to translational invariance, and likewise the full one-point is
whereρ is the average density.
It is easy to show that the first-order contribution then yields
where, in the next to last line, we used the identity G (0)
Turning to the second-order contribution, we have
We can express the three-point cumulants in terms of the three-point irreducible vertex,
(The non-interacting three-point vertex functions γ
ijk are summarized in Appendix A.) This gives,
where (in the fourth line) we have used the identity (established in Appendix B)
Next, we have the more complicated second-order contribution
where we again have an effective propagator
Looking at the i = B component, we have
Enforcing the δ-functions, we find
Consulting the forms given in Appendix A for the three-point vertex functions, we see that each contributes at most a term linear in frequency. When we perform the frequency integral over the response function weighted by this factor, we find that the integrals vanish since one can close in the half-plane where the response function is analytic. (This is the upper half-plane for G ρB and the lower half-plane for G Bρ .) Thus,
Returning to the ρ-component of Eq.(26), we have
The integrals over the response components ofG vanish for the same reasons given above and one is left with the contribution
Then, using
we are left with
where we use the result
derived in Appendix C.
Collecting all the contributions to the equation of state, -Eqs. (14), (19), (24), and (34),
-we haveρ
whereṼ =ρβV andS = S/ρ. This agrees with a strictly static formulation of the problem 12 ,
and can be rewritten in the form
Expanding inṼ leads back to Eq.(36).
We elaborate on the equation of state and connect it to a more conventional form in Appendix E.
B. Treatment of G ij
We next need to treat the propagator
in order to determine γ ij using Eq.(4). We shall see that G ij is, roughly speaking, a singleparticle quantity. The expansion in powers of V follows closely the expansion in treating the equations of state. After expanding ∆W in powers of V , we have
The first term is just the noninteracting matrix propagator determined in FTSPD as
with
The first-and second-order terms are addressed in turn.
First-order
For the first-order contribution,
we again replace the zeroth-order three-point cumulant with the three-point vertex using
Eq.(23) and find
where the self-energy is given in Fourier-space by,
Putting this back into Eq.(44) and remembering that G
Combined with the zeroth-order result, we have
and we see that the first-order contribution is a static contribution to the equation of state.
Second-order
Working at second-order we have the two-pieces contributing to G ij ,
Let us take the disconnected piece first. Using the representation G u (1) =ρδ(1)δ uρ , we have G (2,1) ij
where we use the identity from Appendix B given by
Turning to the substantial contribution, we have
For the first time we encounter the noninteracting four-point cumulant,
where we have introduced the four-point vertex γ
xyzw . It is important to recognize that the four-point vertex has a one-particle reducible contribution and a one-particle irreducible contribution,
The reducible contribution can be written quite generally as
where, to the order we are considering here, we may take
The non-interacting four-point irreducible vertex functions are determined in Ref. 13 and summarized in Appendix A.
Using Eqs.(55) and (57) in Eq. (54), we obtain the second-order contributions to G ij ,
where we have four pieces. The first is a disconnected contribution
whereG is defined by Eq.(27). The next two terms are one-loop contributions given by
. Finally, we have a Hartree-like contribution
Consider first the disconnected term
Since the frequency integral over the response components ofG zw vanish we have G (2,2,R,1) ij
Let us pause and look at the combination
Bρρ (678)G ρρ (78). Using the implicit delta functions, we can write this as
Because γ
Bρρ (0, 7, −7) = 1/βρ 2 0 , the only remaining integration is overG ρρ (7) . Inserting this, along with G 
If we finally use γ
xy (34), then we are left with G (2,2,R,1) ij
This term goes into the statics and the determination of the equation of state to secondorder. Combining this with the zeroth-and first-order contributions, we have the very simple result
The remaining three terms in Eq.(58) are of the form of self-energy terms which make contributions to γ (2) ij .
Summary of results at second-order
The results for the single-particle propagator to second-order in perturbation theory can be written in the form
and where
To this order in perturbation theory we can rewrite Eq.(68) in the form
ij with ρ 0 replaced byρ andγ
ij with ρ 0 replaced byρ. Comparing with Eq.(4), we can identify
There is no explicit first-order term for the single-particle two-point vertex.
C. The full two-point vertex function
The two-point vertex is then the sum of the single-particle contribution γ ij and the collective contribution K ij ,
Let us review the collective contributions and discuss the full vertex function.
The first order collective contribution is simply
while the details of the second order collective contribution are worked out carefully in SDENE and result in
In SDENE, we kept terms of the lowest order in the vertices and effective cumulants to develop the nontrivial approximation
with the symmetrized propagator
Bringing all these pieces together, we have for the second-order two-point vertex,
Notice thatγ (2,loop) ij and K
(2) ij share the same one-loop structure, but with different propagators. All the propagators -G ij , G (0) ij ,Ḡ ij , andG ij -satisfy the fluctuation-dissipation relation.
It was shown in SDENE that loop contributions like these can be written as
whereÔ
Let us look at the static limit where the structure factor is related to the potential in perturbation theory by
The terms up to first order are easy to simplify in the ω → 0 limit and we havē
Looking next at the second order terms, we have for the collective loop term
where we have used the zero time results derived in SDENE.
Doing the same with the single-particle loop contribution, we find
We now look at the Hartree-like term. Using the results summarized in Appendix A, we have γ (2,H)
where (under our constraints)
Noting that integrals over ω 3Gρρ (ω 3 ) vanish due to odd symmetry and integrals over the response functions vanish when the contour is closed in the appropriate half plane, we are left with
We can take a closer look at the second term. Writing out the full form of α 2 , we have
If we perform a change of variables,
then the measures of the two terms change to
where u = cos(θ) and du = − sin(θ)dθ is the standard angular integration substitution.
Using this set of variables, it is easy to see that the term vanishes,
+ dp 2π
This leaves us with an ω-independent Hartree term given by
which cancels the loop term:
Collecting the results, we have finally
or, inverting,S −1 (q) = 1 +Ṽ (q) − 1 2ρ
This is the same quantity evaluated in SDENE to determine the effective potential.
IV. THE KINETIC EQUATION A. The kinetic equation
Having determined Γ ij to second-order, we could proceed to solve the Dyson's equation for G αβ . However, there is a more economical route sketched out in SDENE that takes advantage of the FDR and which is nonperturbative. Using the FDR, we can go from
Dyson's equations to a single equation for G ρρ (k, t). We fill in the details of the analysis given in SDENE.
To derive the kinetic equation, we begin with the Bρ component of Dyson's equation:
In q-, t-space, this is explicitly
Let us split the two-point vertex into two contributions as
where we define γ
(1) ij (q, t) to be all terms local in time such that
From this, it follows that
The second group, Σ ij (q, t), is the dynamic memory function 14 which retains its convolution form and is made up of the remaining contributions,
We may now write Eq.(107) as
using the fact that Σ Bρ (t − s) ∼ θ(t − s) and
to obtain
. (116) If we integrate the first integral by parts, we have
where we assume t > t ′ . Putting Ψ(t − t ′ ) back into Eq.(112) and setting G Bρ = 0 (due to t > t ′ ), we then have the kinetic equation
This is the same form derived in SDENE, but with the division of the vertices more fully defined.
To continue, we need explicit forms for our local and memory function contributions.
Collecting terms, we find
The BB-contribution to the memory function is a bit more complex and we address it next.
B. Memory function
Let us set up a Fourier transform for the loop pieces which make up the memory function in the form,
where AB is short forḠḠ in the case of the collective contribution andGG (0) for the single particle contribution.
We first concentrate on the argument
If we change variables such that
we have
Returning to our Fourier transform, we have
At this point, we have now exactly the exponential weight required (exp(−i(ω 3 + ω 4 )t)
to factorize the problem. We have (upon substituting x back in) the explicit result
where we have introduced an auxiliary variable t ′ 1 to help show that the derivatives act only on specific terms.
Moving from generic to our specific loop contributions, we have
We see that we generate time derivatives because the three-point vertices are frequency dependent.
In addition to the full time-dependent form, we also need the t = 0 contribution 15 . In the limit of small time, the derivative terms vanish and we find the simple result
Using our results for the static structure factor to second order given in Eq.(105), we can rewrite the second term, giving us
C. Final form
Inserting these results into the kinetic equation, we see that a number of terms will cancel
Performing a simple shift in time, we can rewrite this as
This equation is of the memory function form where we now have a field-theoretic prescription for the determination of Σ BB (q, t − s). The static part of the memory function yields a term proportional to the inverse static structure factor. The dynamic part of the memory function is just the BB matrix element of the loop contributions, γ (2,loop) ij
ij . In SDENE we showed explicitly that K (2) ij satisfies a FDR and we will show elsewhere that γ (2,loop) ij explicitly satisfies a FDR as well.
V. CONCLUSION
We have shown here that, in the case where one is in thermal equilibrium, the densitydensity correlation function satisfies a kinetic equation of the same form as in MCT [8] [9] [10] . The interesting point is that we can explore the corrections of the relevant memory function, Σ BB .
Since Σ BB comes from a detailed microscopic derivation, there are several features which differ from the conventional mode coupling analysis. At second-order in perturbation theory,
we have a structure
where one has a one-loop structure where the three-point vertices have a frequency dependence. There are two pairs of effective propagators. One contribution is a product ofḠ ij propagators whereḠ
and the other contribution is from the product ofG ij and G (0) ij wherẽ
Thus, the microscopic theory is more involved than MCT. In Appendix D, we show that G ij andG ij themselves satisfy a FDR.
At the next order in perturbation theory, one generates two-loop structures such as
In a companion paper 7 , we will look at the long-time kinetics generated by the kinetic equation using analytic techniques. The main result is that one finds, as in MCT, that the late time decay shows two power-law regimes governed by exponents a and b. We show in the current case that a and b satisfy the relation
where λ is a parameter determined in the model.
In a second companion paper 6 , we look at the numerical evaluation of the second-order kinetic equation derived here. Let us begin with a few definitions. First, we have the commonly occurring wavenumber combinations
We also have the important combination
The two-point vertex functions were first derived in SDENE and are
The three-point vertex functions were first derived in Ref. 13 and are
and where the other vertices are easily constructed by symmetry.
The four-point vertex functions were also derived in Ref. 13 and are the sum of a reducible and irreducible contribution,
The full (amputated) results arē
The irreducible pieces are given by
Appendix B: Reduction identities A number of "reduction identities" are used in this work. These are part of a larger collection which is discussed in Ref. 13 . The proofs of these relations are essentially brute force demonstrations and it will be sufficient to sketch the basics here. The reduction identities fall into two types.
First, zeroth-order cumulants of a particular number of fields can be reduced to a cumulant of a smaller number of fields when the argument of the B-field is zero. In this work, we particularly make use of two relations,
which can be verified by explicitly writing out each cumulant and setting the relevant variables to zero. (For convergence, we must set the frequencies to zero first, then the wavenumbers.) The calculation is tedious, but straightforward and so is omitted.
Second, zeroth-order vertex functions of a particular number of fields can be reduced to a vertex function of a smaller number of fields when the argument of the ρ-field is zero, for example with the common term
Again, this is a straightforward exercise.
From these two simple facts, we can derive other useful identities. When one convolves a quantity with a one-point cumulant (either G i (1) or G (0)
i (1)), the implicit constraining delta function will usually cause one or more fields in the product to vanish. For example, a combination which appears several times in our work is
As another example, consider the first-order contribution to the equation of state (which appears again as a component of the second-order contribution)
Let us look at the integral
Recall the forms of the zeroth-order cumulants
where κ 1 =Dq 2 1 . Using these, we have
For the G ρB term, we close the contour integral in the upper half plane while for the G Bρ term, we close in the lower half plane. This gives
Using the FDR to express G Bρ and G ρB in terms of G ρρ , we have the final result
The integral over G ρρ is simply the static structure factor and we have
Appendix D: Fluctuation-dissipation relations forḠ andG
In this appendix we prove that the dressed propagatorsḠ andG individually satisfy the same fluctuation-dissipation relation that G satisfies. These results hold at all orders of perturbation theory.
1.Ḡ fluctuation-dissipation symmetry
Recall the form ofḠ ij given bȳ
Explicitly, this yieldsḠ
If we write out our contributing terms as real and imaginary components,
then we have for the imaginary part ofḠ ρB ,
Looking next atḠ ρρ , we havē
This implies, then, the normal fluctuation-dissipation relation,
2.G fluctuation-dissipation symmetry
We may repeat the same procedure forG ij given bỹ
Explicitly, we haveG
Using the same decomposition into real and imaginary components, we have 
Therefore, we again get the expected fluctuation-dissipation relation,
Putting this into Eq.(E5), we find ∂(βP ) ∂ρ =ρ ρ 0 ρ 0 ρ 1 +Ṽ (0) = 1 + βV (0)ρ.
Therefore,
Clearly, we find the ideal gas law and the first order correction.
If we write more generally that 
In perturbation theory, we have
which gives
Recalling thatS
we have 
Integrating, we find
or, returning to the full form for ρ 0 , ρ 0 =ρ exp 8η − 9η 2 + 3η
We now have an independent measure for the quality of our equation of state results.
As one self-consistently solves for the pseudo-potential, we may compare our perturbative result Eq.(E1) to this result. 
